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WARPED PRODUCTS IN RIEMANNIAN MANIFOLDS
KWANG-SOON PARK
Abstract. In this paper we prove two inequalities relating the warping func-
tion to various curvature terms, for warped products isometrically immersed
in Riemannian manifolds. This extends work of B. Y. Chen for the case of
immersions into space forms. Finally we give an application where the target
manifold is the Clifford torus.
1. Introduction
Let (B, gB) and (F, gF ) be Riemannian manifolds, where gB and gF are Riemann-
ian metrics on manifolds B and F , respectively. Let f be a positive differentiable
function on B. Consider the product manifold B × F with the natural projections
pi1 : B × F 7→ B and pi2 : B × F 7→ F . The warped product manifold M = B ×f F
is the product manifold B × F equipped with the Riemannian metric g such that
||X ||2 = ||dpi1X ||
2 + f2(pi1(x))||dpi2X ||
2
for any tangent vector X ∈ TxM , x ∈ M . Thus, we get g = gB + f
2gF . The
function f is called the warping function of the warped product manifold M [4].
As we know, warped product manifolds play important roles in differential ge-
ometry and in physics, particularly in general relativity. And there are lots of
papers on this topic ([4], references therein). According to the result of J. F. Nash
[9], which says that every Riemannian manifold can be isometrically embedded
in some Euclidean space, every warped product can be isometrically embedded in
some Euclidean space. As a generalization of B. Y. Chen’s results ([2], [3]), in this
paper we obtain the main results: Theorem 3.1, Theorem 3.4.
The paper is organized as follows. In section 2 we recall some notions, which
are needed in the following sections. In section 3 we obtain the main results from
which we can see both the upper bound and the lower bound of the function △f
f
.
In section 4 we give some applications.
2. Preliminaries
Let (M, g) be a m-dimensional Riemannian manifold and N a n-dimensional
submanifold of (M, g). Denote by ∇ and ∇ the Levi-Civita connections of N and
M , respectively. The Gauss and Weingarten formulas are given by
∇XY = ∇XY + h(X,Y ),(2.1)
∇XZ = −AZX +DXZ,(2.2)
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respectively, for tangent vector fields X,Y ∈ Γ(TN) and normal vector field Z ∈
Γ(TN⊥), where h denotes the second fundamental form, D the normal connection,
and A the shape operator of N in M .
Then the second fundamental form and the shape operator are related by
(2.3) 〈AZX,Y 〉 = 〈h(X,Y ), Z〉,
where 〈 , 〉 denotes the induced metric on N as well as the Riemannian metric g
on M . Choose a local orthonormal frame {e1, · · · , em} of TM such that e1, · · · , en
are tangent to N and en+1, · · · , em are normal to N .
Then the mean curvature vector
−→
H is defined by
(2.4)
−→
H =
1
n
trace h =
1
n
n∑
i=1
h(ei, ei)
and the squared mean curvature is given by H2 := 〈
−→
H,
−→
H 〉.
The squared norm of the second fundamental form h is given by
(2.5) ||h||2 =
n∑
i,j=1
〈h(ei, ej), h(ei, ej)〉.
Let hrij := 〈h(ei, ej), er〉 for 1 ≤ i, j ≤ n and n+ 1 ≤ r ≤ m.
A submanifold N is said to be totally geodesic in M if the second fundamental
form of N in M vanishes identically. Denote by K(pi) and K(pi) the sectional
curvatures of a plane pi ⊂ TpN , p ∈ N , in N and in M , respectively. i.e., if the
plane pi is spanned by vectors X,Y ∈ TpN , then we have
K(pi) =
〈R(X,Y )Y,X〉
〈X,X〉 · 〈Y, Y 〉 − 〈X,Y 〉2
and K(pi) =
〈R(X,Y )Y,X〉
〈X,X〉 · 〈Y, Y 〉 − 〈X,Y 〉2
,
where R and R are the Riemann curvature tensors of N and M , respectively.
The scalar curvature τ of N is defined by
(2.6) τ =
∑
1≤i<j≤n
K(ei ∧ ej),
where K(ei ∧ ej) = 〈R(ei, ej)ej , ei〉 for 1 ≤ i, j ≤ n.
Let
(2.7) (inf K)(p) := inf{K(pi) | pi ⊂ TpN, dim pi = 2}
and
(2.8) (supK)(p) := sup{K(pi) | pi ⊂ TpN, dim pi = 2}
for p ∈ N .
The Gauss equation is given by
(2.9) R(X,Y, Z,W ) = R(X,Y, Z,W ) + 〈h(X,W ), h(Y, Z)〉 − 〈h(X,Z), h(Y,W )〉
for tangent vectorsX,Y, Z,W ∈ TpN , p ∈ N , whereR(X,Y, Z,W ) = 〈R(X,Y )Z,W 〉
and R(X,Y, Z,W ) = 〈R(X,Y )Z,W 〉.
Then we easily obtain
(2.10)
n∑
i,j=1
K(ei ∧ ej) = 2τ + ||h||
2 − n2H2.
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The Laplacian of a differentiable function f on N is defined by
(2.11) △f =
n∑
i=1
((∇eiei)f − e
2
i f).
3. Some inequalities
Let (B, gB) be a n1-dimensional Riemannian manifold and (F, gF ) a n2-dimensional
Riemannian manifold with n = n1 + n2. Let (M, g) be a warped product manifold
of (B, gB) and (F, gF ) such that M = B ×f F and g = gB + f
2gF with the projec-
tions pi1 : B×F 7→ B and pi2 : B×F 7→ F and (M, g) a m-dimensional Riemannian
manifold. Let D1 and D2 denote the distributions in M obtained from the vectors
tangent to the horizontal lifts of B and F , respectively.
Let φ : (M, g) 7→ (M, g) be an isometric immersion. We choose a local orthonor-
mal frame {e1, · · · , en} of the tangent bundle TM of M such that e1, · · · , en1 ∈
Γ(D1) and en1+1, · · · , en ∈ Γ(D2). Conveniently, we identify dφ(ei) with ei for
1 ≤ i ≤ n. We also choose a local orthonormal frame {en+1, · · · , em} of the nor-
mal bundle TM⊥ of M in M via φ such that en+1 is in the direction of the mean
curvature vector field.
Then we have
(3.1) △f =
n1∑
i=1
((∇eiei)f − e
2
i f).
Denote by trh1 and trh2 the trace of h restricted to B and F , respectively. i.e.,
trh1 =
n1∑
i=1
h(ei, ei) and trh2 =
n∑
j=n1+1
h(ej , ej).
Given unit vector fields X,Y ∈ Γ(TM) such that X ∈ Γ(D1) and Y ∈ Γ(D2), we
easily obtain
(3.2) ∇XY = ∇YX = (X ln f)Y,
where ∇ is the Levi-Civita connection of (M, g), so that
K(X ∧ Y ) = 〈∇Y∇XX −∇X∇YX,Y 〉(3.3)
=
1
f
((∇XX)f −X
2f).
Hence,
(3.4)
△f
f
=
n1∑
i=1
K(ei ∧ ej)
for each j = n1 + 1, · · · , n.
The map φ is called mixed totally geodesic if h(ei, ej) = 0 for 1 ≤ i ≤ n1 and
n1 + 1 ≤ j ≤ n.
Then we get
Theorem 3.1. Let (M = B ×f F, g) be a warped product manifold of Riemannian
manifolds (B, gB) and (F, gF ) with the warping function f and (M, g) a Riemann-
ian manifold. Let φ : (M, g) 7→ (M, g) be an isometric immersion. Then we obtain
(3.5)
△f
f
≤
n2
4n2
H2 + n1 supK,
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where n1 = dimB and n2 = dimF with n = n1 + n2. The equality case of (3.5)
holds identically if and only if φ is a mixed totally geodesic immersion such that
trh1 = trh2 and K(X ∧ Y ) = supK for unit vectors X ∈ Γ(D1) and Y ∈ Γ(D2).
Proof. Given a local orthonormal frame {e1, · · · , en} of TM such that e1, · · · , en1 ∈
Γ(D1) and en1+1, · · · , en ∈ Γ(D2), we have
(3.6)
△f
f
=
n1∑
i=1
K(ei ∧ ej)
for each j = n1 + 1, · · · , n.
By the Gauss equation, we get
(3.7) 2τ = n2H2 − ||h||2 +
n∑
i,j=1
K(ei ∧ ej),
where K(ei ∧ ej) = g(R(ei, ej)ej , ei) and R is the Riemann curvature tensor of M .
Let
(3.8) δ := 2τ −
n∑
i,j=1
K(ei ∧ ej)−
n2
2
H2.
Then we obtain
(3.9) n2H2 = 2δ + 2||h||2.
Given a local orthonormal frame {en+1, · · · , em} of the normal bundle such that
en+1 is in the direction of the mean curvature vector field, from (3.9) we have
(3.10) (
n∑
i=1
hn+1ii )
2 = 2

δ +
n∑
i=1
(hn+1ii )
2 +
∑
i6=j
(hn+1ij )
2 +
m∑
r=n+2
n∑
i,j=1
(hrij)
2

 .
Let a1 :=
n1∑
i=1
hn+1ii and a2 :=
n∑
i=n1+1
hn+1ii .
Using the following relation
(3.11) a21 + a
2
2 ≥
1
2
(a1 + a2)
2,
by (3.10) we obtain
∑
1≤j<k≤n1
hn+1jj h
n+1
kk +
∑
n1+1≤s<t≤n
hn+1ss h
n+1
tt(3.12)
≥
1
2
δ +
∑
1≤i<j≤n
(hn+1ij )
2 +
1
2
m∑
r=n+2
n∑
i,j=1
(hrij)
2.
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From (3.6) and the Gauss equation (2.9), we get
n2△f
f
= τ −
∑
1≤i<j≤n1
K(ei ∧ ej)−
∑
n1+1≤s<t≤n
K(es ∧ et)(3.13)
= τ −
∑
1≤i<j≤n1
K(ei ∧ ej)−
m∑
r=n+1
∑
1≤i<j≤n1
(hriih
r
jj − (h
r
ij)
2)
−
∑
n1+1≤s<t≤n
K(es ∧ et)−
m∑
r=n+1
∑
n1+1≤s<t≤n
(hrssh
r
tt − (h
r
st)
2)
= τ −
1
2
n∑
i,j=1
K(ei ∧ ej) +
∑
1≤i≤n1
n1+1≤s≤n
K(ei ∧ es)
−
m∑
r=n+1
∑
1≤i<j≤n1
(hriih
r
jj − (h
r
ij)
2)
−
m∑
r=n+1
∑
n1+1≤s<t≤n
(hrssh
r
tt − (h
r
st)
2).
By (3.8), (3.12), and (3.13), we obtain
n2△f
f
≤ τ −
1
2
n∑
i,j=1
K(ei ∧ ej) +
∑
1≤i≤n1
n1+1≤s≤n
K(ei ∧ es)(3.14)
−
1
2
δ −
∑
1≤i≤n1
n1+1≤s≤n
(hn+1is )
2 −
1
2
m∑
r=n+2
n∑
i,j=1
(hrij)
2
−
m∑
r=n+2
∑
1≤i<j≤n1
(hriih
r
jj − (h
r
ij)
2)
−
m∑
r=n+2
∑
n1+1≤s<t≤n
(hrssh
r
tt − (h
r
st)
2)
≤ τ −
1
2
n∑
i,j=1
K(ei ∧ ej) + n1n2 supK −
1
2
δ
−
m∑
r=n+1
∑
1≤i≤n1
n1+1≤s≤n
(hris)
2 −
1
2
m∑
r=n+2
(
∑
1≤i≤n1
hrii)
2
−
1
2
m∑
r=n+2
(
∑
n1+1≤j≤n
hrjj)
2
≤ τ −
1
2
n∑
i,j=1
K(ei ∧ ej) + n1n2 supK −
1
2
δ
=
n2
4
H2 + n1n2 supK.
6 KWANG-SOON PARK
Therefore, we have
△f
f
≤
n2
4n2
H2 + n1 supK.
Similar with Theorem 1.4 of [2], from (3.12) and (3.14), we get that the equality
sign of (3.5) holds if and only if the immersion φ is mixed totally geodesic such that
trh1 = trh2 and K(X ∧ Y ) = supK for unit vectors X ∈ Γ(D1) and Y ∈ Γ(D2).
Notice that we can choose e1 and en1+1 such that the plane spanned by e1 and en1+1
is equal to the plane spanned by X and Y so that K(e1 ∧ en1+1) = K(X ∧ Y ). 
Remark 3.2. 1. If (M, g) is a Riemannian manifold of constant sectional curvature
c, then (3.5) becomes (1.2) of Theorem 1.4 of [2].
2. Let Mm1,m2 := S
m1(
√
m1
m
) × Sm2(
√
m2
m
) ⊂ Sm+1(1) be the Clifford torus,
where m = m1 +m2, m ≥ 4, and 2 ≤ m1 ≤ m− 2 ([5], [8]). As we know, Mm1,m2
is a compact minimal hypersurface in Sm+1(1) and has only two distinct principal
curvatures
√
m2
m1
, −
√
m1
m2
with multiplicities m1, m2, respectively. The squared
norm of the second fundamental form of Mm1,m2 in S
m+1(1) is equal to m so that
by using the Gauss equation, the scalar curvature of Mm1,m2 is equal to
m(m−2)
2
([7], [10]).
Moreover, if we take two unit vectors e1, e2 ∈ TpMm1,m2 , p ∈Mm1,m2 such that
Ape1 =
√
m2
m1
e1 and Ape2 = −
√
m1
m2
e2, then given x, y ∈ R with x
2 + y2 = 1 we
have
(3.15) Ric(xe1 + ye2) = m− 1− (
m2
m1
x2 +
m1
m2
y2 +
m2
m1m2
x2y2),
where Ric denotes the Ricci curvature of Mm1,m2 .
With a simple computation, we easily obtain
(3.16) Ric ≥ m− 1− (
m2
m1
+
m1
m2
)
with equality holding if and only if (x, y) = (±
√
m2
m
,±
√
m1
m
) ([6], [11]).
In particular, we know that Mm1,m2 is not a constant curvature space but has
only three types of sectional curvatures {0, m
m1
, m
m2
} so that when we consider an
isometric immersion φ :M 7→Mm1,m2 , Theorem 3.1 will be useful [2].
To consider the next Theorem, we need to introduce the following Lemma. From
[1], we get
Lemma 3.3. Let a1, · · · , an, c be any real numbers with n ≥ 2 such that
(3.17) (
n∑
i=1
ai)
2 = (n− 1)(
n∑
i=1
a2i + c).
Then
(3.18) 2a1a2 ≥ c
with equality holding if and only if a1 + a2 = a3 = · · · = an.
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Theorem 3.4. Let (M = B ×f F, g) be a warped product manifold of Riemannian
manifolds (B, gB) and (F, gF ) with the warping function f and (M, g) a Riemann-
ian manifold. Let φ : (M, g) 7→ (M, g) be an isometric immersion. Then we have
(3.19)
△f
f
≥
n1n
2
2(n− 1)
H2 −
n1
2
||h||2 + n1 infK,
where n1 = dimB and n2 = dimF with n = n1 + n2.
Proof. We choose a local orthonormal frame {e1, · · · , en} of TM such that e1, · · · , en1 ∈
Γ(D1) and en1+1, · · · , en ∈ Γ(D2) and a local orthonormal frame {en+1, · · · , em} of
the normal bundle such that en+1 is in the direction of the mean curvature vector
field.
Using the Gauss equation, we get
(3.20) 2τ = n2H2 − ||h||2 +
n∑
i,j=1
K(ei ∧ ej).
Let
(3.21) δ := 2τ −
n2(n− 2)
n− 1
H2 −
n∑
i,j=1
K(ei ∧ ej).
From (3.20) and (3.21), we obtain
(3.22) n2H2 = (n− 1)||h||2 + (n− 1)δ
so that
(3.23) (
n∑
i=1
hn+1ii )
2 = (n−1)


n∑
i=1
(hn+1ii )
2 +
∑
i6=j
(hn+1ij )
2 +
m∑
r=n+2
n∑
i,j=1
(hrij)
2 + δ

 .
Applying Lemma 3.3 to (3.23) with a1 = h
n+1
11 and a2 = h
n+1
n1+1n1+1
, we have
(3.24) 2hn+111 h
n+1
n1+1n1+1
≥
∑
i6=j
(hn+1ij )
2 +
m∑
r=n+2
n∑
i,j=1
(hrij)
2 + δ
so that
K(e1 ∧ en1+1) ≥
m∑
r=n+1
∑
j∈S1n1+1
{(hr1j)
2 + (hrn1+1j)
2}(3.25)
+
1
2
∑
i,j∈S1n1+1
i6=j
(hn+1ij )
2 +
1
2
m∑
r=n+2
∑
i,j∈S1n1+1
(hrij)
2
+
1
2
m∑
r=n+2
(hr11 + h
r
n1+1n1+1)
2 +
δ
2
+ infK
≥
δ
2
+ infK,
where S1n1+1 = {1, · · · , n} − {1, n1 + 1}.
Similarly, we obtain
(3.26) K(ei ∧ en1+1) ≥
δ
2
+ infK
8 KWANG-SOON PARK
for 1 ≤ i ≤ n1.
Since K(ei ∧ en1+1) =
1
f
((∇eiei)f − e
2
i f) for 1 ≤ i ≤ n1, by (3.1), (3.22), and
(3.26), we get
△f
f
≥
n1
2
δ + n1 infK(3.27)
≥
n1n
2
2(n− 1)
H2 −
n1
2
||h||2 + n1 infK.
Therefore, we have the result. 
Remark 3.5. 1. In a similar way with Theorem 1 of [3], we can also give a condition
for the equality sign of (3.19) to be held, which is just the same with the condition of
Theorem 1 of [3] except the additional condition K(X ∧ Y ) = infK for X ∈ Γ(D1)
and Y ∈ Γ(D2).
2. From Theorem 3.1 and Theorem 3.4, we obtain both the upper bound and
the lower bound of the function △f
f
as follows:
(3.28)
n1n
2
2(n− 1)
H2 −
n1
2
||h||2 + n1 infK ≤
△f
f
≤
n2
4n2
H2 + n1 supK.
4. Applications
Let M(c1, c2) := M(c1) ×M(c2) be the product manifold of Riemannian man-
ifolds M(c1) and M(c2), where M(ci) is a constant curvature space of constant
sectional curvature ci for i = 1, 2.
Then we know thatM(c1, c2) has only three types of sectional curvatures {c1, c2, 0}.
Let c := min{c1, c2, 0} and c¯ := max{c1, c2, 0}.
Using Theorem 3.1, we easily get
Corollary 4.1. Let (B×f F, g) be a warped product manifold of Riemannian man-
ifolds (B, gB) and (F, gF ) with the warping function f such that n1 = dimB,
n2 = dimF , and n = n1 + n2.
Let φ be an isometric immersion from the warped product manifold (B ×f F, g)
to the product manifold M(c1, c2).
Then we have
(4.1)
△f
f
≤
n2
4n2
H2 + n1c¯.
Remark 4.2. Let (B×fF, g) be a warped product manifold of Riemannian manifolds
(B, gB) and (F, gF ) with the warping function f such that n1 = dimB, n2 = dimF ,
and n = n1 + n2.
Let φ be an isometric minimal immersion from the warped product manifold
(B ×f F, g) to the product manifold M(c1, c2).
Then we obtain
(4.2)
△f
f
≤ n1c¯.
By Remark 4.2, we get
Theorem 4.3. Let (M = B ×f F, g) be a warped product manifold of Riemannian
manifolds (B, gB) and (F, gF ) with the warping function f such that n1 = dimB,
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n2 = dimF , and n = n1+n2 and let M(c1, c2) be the product manifold of constant
curvature spaces M(c1) and M(c2).
Then there does not exist an isometric minimal immersion φ from the warped
product manifold (M, g) to the product manifold M(c1, c2) such that
△f
f
(pi1(p)) >
n1c¯ for some p ∈M .
Using Theorem 3.4, we have
Corollary 4.4. Let (B×f F, g) be a warped product manifold of Riemannian man-
ifolds (B, gB) and (F, gF ) with the warping function f such that n1 = dimB,
n2 = dimF , and n = n1 + n2.
Let φ be an isometric immersion from the warped product manifold (B ×f F, g)
to the product manifold M(c1, c2).
Then we obtain
(4.3)
△f
f
≥
n1n
2
2(n− 1)
H2 −
n1
2
||h||2 + n1c.
From Remark 3.2, we know that the Clifford torus Mm1,m2 is a product man-
ifold of spheres Sm1(
√
m1
m
) and Sm2(
√
m2
m
). i.e., Mm1,m2 is a product manifold
of constant curvature spaces Sm1(
√
m1
m
) and Sm2(
√
m2
m
), where Sm1(
√
m1
m
) and
Sm2(
√
m2
m
) are constant curvature spaces of constant sectional curvatures m
m1
and
m
m2
, respectively.
Thus, by using Corollary 4.1, we immediately obtain
Corollary 4.5. Let (B×f F, g) be a warped product manifold of Riemannian man-
ifolds (B, gB) and (F, gF ) with the warping function f such that n1 = dimB,
n2 = dimF , and n = n1 + n2.
Let φ be an isometric immersion from the warped product manifold (B ×f F, g)
to the Clifford torus Mm1,m2 with 2 ≤ m1 ≤
m
2 , m = m1 +m2, and m ≥ 4.
Then we have
(4.4)
△f
f
≤
n2
4n2
H2 +
n1m
m1
.
Remark 4.6. Let (B×fF, g) be a warped product manifold of Riemannian manifolds
(B, gB) and (F, gF ) with the warping function f such that n1 = dimB, n2 = dimF ,
and n = n1 + n2.
Let φ be an isometric minimal immersion from the warped product manifold
(B ×f F, g) to the Clifford torus Mm1,m2 with 2 ≤ m1 ≤
m
2 , m = m1 +m2, and
m ≥ 4.
Then we obtain
(4.5)
△f
f
≤
n1m
m1
.
By Remark 4.6, we get
Theorem 4.7. Let (M = B ×f F, g) be a warped product manifold of Riemannian
manifolds (B, gB) and (F, gF ) with the warping function f such that n1 = dimB,
n2 = dimF , and n = n1 + n2 and let Mm1,m2 be the Clifford torus S
m1(
√
m1
m
) ×
Sm2(
√
m2
m
) such that 2 ≤ m1 ≤
m
2 , m = m1 +m2, and m ≥ 4.
Then there does not exist an isometric minimal immersion φ from the warped
product manifold (M, g) to the Clifford torus Mm1,m2 such that
△f
f
(pi1(p)) >
n1m
m1
for some p ∈M .
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Using Corollary 4.4, we have
Corollary 4.8. Let (B×f F, g) be a warped product manifold of Riemannian man-
ifolds (B, gB) and (F, gF ) with the warping function f such that n1 = dimB,
n2 = dimF , and n = n1 + n2.
Let φ be an isometric immersion from the warped product manifold (B ×f F, g)
to the Clifford torus Mm1,m2 with 2 ≤ m1 ≤
m
2 , m = m1 +m2, and m ≥ 4.
Then we obtain
(4.6)
△f
f
≥
n1n
2
2(n− 1)
H2 −
n1
2
||h||2.
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